In the present note we announce a proof of a strong form of Arnold diffusion for smooth convex Hamiltonian systems. Let T 2 be a 2-dimensional torus and B 2 be the unit ball around the origin in R 2 . Fix ρ > 0. Our main result says that for a 'generic' time-periodic perturbation of an integrable system of two degrees of freedom
Introduction
The famous question called the ergodic hypothesis, formulated by Maxwell and Boltzmann, suggests that for a typical Hamiltonian on a typical energy surface all, but a set of zero measure of initial conditions, have trajectories dense in this energy surface. However, KAM theory showed that for an open set of nearly integrable systems there is a set of initial conditions of positive measure with almost periodic trajectories. This disproved the ergodic hypothesis and forced reconsideration of the problem.
A quasi-ergodic hypothesis, proposed by Ehrenfest [27] and Birkhoff [13] , asks if a typical Hamiltonian on a typical energy surface has a dense orbit. A definite answer whether this statement is true or not is still far out of reach of modern dynamics. To simplify the problem, Arnold [3] asks:
Does there exist a real instability in many-dimensional problems of perturbation theory when the invariant tori do not divide the phase space?
For nearly integrable systems of 1 1 2 and 2 degrees of freedom the invariant tori do divide the phase space and an energy surface respectively. This implies that instability do not occur. We solve a weaker version of this question for systems with 2 1 2 and 3 degrees of freedom. This corresponds to time-periodic perturbations of integrable systems of 2 degrees of freedom and autonomous perturbations of integrable systems of 3 degrees of freedom.
Statement of the result
Let (θ, p) = (θ 1 
H ε (θ, p, t) = H 0 (p) + εH 1 (θ, p, t), t ∈ T = R/Z.
We study a strong form of Arnold diffusion for this system, namely, existence of orbits {(θ ε , p ε )(t)} t going from one given open set p ε (0) ∈ U to another given open set p ε (t) ∈ U for some t = t ε > 0.
Arnold [1] proved existence of such orbits for an example and conjectured that they exist for a typical perturbation (see e.g. [2] [3] [4] [5] ). Integer relations k · (∂ p H 0 , 1) = 0 with k = ( k 1 , k 0 ) ∈ (Z 2 \ 0) × Z and · being the inner product define a resonant segment. The condition that the Hessian of H 0 is strictly positive definite implies that ∂ p H 0 : B 2 −→ R 2 is a diffeomorphism and each resonant line defines a smooth curve embedded into action space k = {p ∈ B 2 : k · (∂ p H 0 , 1) = 0}. If curves k and k are given by two linearly independent resonances vectors { k, k }, they either have no intersection or intersect at a single point in B
2 . We call a vector k = ( k 1 , k 0 ) = (k We would like to construct diffusing orbits along a connected path formed by segments inside j 's, i.e. we select a connected piecewise smooth curve * ⊂ ∪ N j =1 j so that * ∩G = ∅ and * ∩ G = ∅ (see figure 1 ). Consider the space of C r perturbations C r (T 2 × B 2 × T) with a natural C r norm given by maximum of all partial derivatives of order up to r, here r < +∞. Denote by S r = {H 1 ∈ C r (T 2 × B 2 × T) : H 1 C r = 1} the unit sphere in this space.
Theorem 1. In the above notations fix the piecewise smooth segment * and 4 r < +∞. Then there is an open and dense set U = U * ⊂ S
r and a nonnegative function ε 0 = ε 0 (H 1 ) with ε 0 | U > 0. Let V = {εH 1 : H 1 ∈ U, 0 < ε < ε 0 }, then for an open and dense set of εH 1 ∈ W V the Hamiltonian system H ε = H 0 + εH 1 has an orbit {(θ ε , p ε )(t)} t whose action component satisfies p ε (0) ∈ U, p ε (t) ∈ U for some t = t ε > 0
Moreover, for all 0 < t < t T the action component p ε (t) stays O( √ ε)-close to the union of resonances
* .
For any H 1 ∈ U we prove that the Hamiltonian H 0 + T H 1 has a connected collection of 3-dimensional normally hyperbolic (weakly) invariant manifolds 3 in the phase space T 2 × B 2 × T which 'shadow' a set of segments * connecting U and U in the sense that the natural projection of these manifolds onto B 2 is O( √ ε)-close to each point in * 4 . Once this structure is established, we impose further non-degeneracy condition W V. For each εH 1 ∈ W we prove existence of orbits diffusing along this collection of invariant manifolds. Our proof relies on Mather variational method [41] equipped with weak KAM theory of Fathi [28] . The crucial element is Bernard's notion [7] of forcing relation.
Notice that the notion of genericity we use is not standard. We show that in a neighborhood of H 0 the set of good directions U is open and dense in S r . Around each exceptional (nowhere dense) direction we remove a cusp and call the complement V. For this set of perturbations we establish a connected collection of invariant manifolds. Then away from some exceptional perturbations W we show that there are diffusing orbits 'shadowing' these cylinders. Mather [44] calls such a set of perturbations cusp residual. See figure 2.
Analytic perturbations:
The original question of Arnold [1] [2] [3] 5] is about analytic perturbations. Namely, real perturbations H 1 (θ, p, t) having a homomorphic extension into a fixed complex strip around T 2 × B 2 × T. In this paper we study only finitely smooth perturbations.
Speed of diffusion:
We do not study the question of speed of diffusion, even though it is an interesting open problem. One could expect to have a polynomial speed of diffusion for smooth perturbations (see [14] and references therein).
, and H 0 (p) be a strictly convex Hamiltonian. In the connected region ∂ p i H 0 > ρ > 0 for some ρ > 0 one can prove a similar result about a generic (autonomous) perturbationH 0 (p) + εH 1 (θ,p) . This can be done via energy reduction (see e.g. [4, section 45] ). Generic instability of resonant totally elliptic points: In [33] stability of totally elliptic fixed points of symplectic maps in dimension 4 is studied. It is shown that generically a convex, resonant, totally elliptic point of a symplectic map is Lyapunov unstable. Relation with Mather's approach: Theorem 1 was announced by Mather [44] . Some parts of the proof are written in [45] . Our approach is quite different. Here we summarize the differences:
• We construct normally hyperbolic invariant cylinders 'over' resonances * .
• We prove that certain invariant sets 5 belongs to these cylinders.
• We show these sets have the structure of Aubry-Mather sets for twists maps.
• In a single resonance, mainly done in [9] , the fact that these invariant sets belong to invariant cylinders which allows us to adapt techniques from [7, 19, 20] . Namely, we apply variational techniques for proving existence of Arnold diffusion for a priori unstable systems.
• One important obstacle is the problem of regularity of barrier functions, which outside of the realm of twist maps is difficult to overcome. It is our understanding that Mather [45] handles this problem without proving existence of invariant cylinders.
• In a double resonance we also construct invariant cylinders. This leads to simple and explicit structure of minimal orbits near a double resonance. In particular, switch from one resonance to another needs only one jump (see section 3.5).
• It is our understanding that Mather's approach [45] requires an implicitly defined number of jumps. His approach resembles his proof of existence of diffusing orbits for twist maps inside a Birkhoff region of instability [42] .
Recently Cheng [18] announced a similar result in a similar setting. His approach is purely variational and closer to Mather's approach.
A priori unstable systems: In section 3.6 we discuss a great progress achieved for a model problem for existence of diffusion. 
It turns out that as the number of resonant lines N increases, the size of admissible perturbation ε 0 (H 1 , ρ) goes to zero 6 . A detailed proof of this theorem can be found in [37] . In this announcement we present the key elements of the proof.
The proof of the main Theorem naturally divides into two major parts:
• I Geometric: construct a connected net of normally hyperbolic invariant manifolds (NHIMs) along the selected resonant lines * .
• II Variational: construct orbits diffusing along this net.
The idea to construct a connected net of NHIMs appeared in Kaloshin-Zhang-Zheng [35] . In [35] we describe the construction of an example of a
), the Hamiltonian flow of H has an orbit whose closure has positive measure. In [30] we improve results from [35] and present a projectively dense class of perturbations of H 0 having orbits whose closure has positive measure.
Three stages of the proof of theorem 1
It turns out that for action p near the diffusion path * there are two types of qualitative behavior. We start presenting our strategy of the proof by dividing These three sets of conditions lead to a aligned of the set U ⊂ S r and reveals a connected net of invariant manifolds. Once existence of these invariant manifolds is established we prove existence of orbits diffusing along them under additional non-degeneracy conditions. More precise description is in the middle of the next section.
Decomposition into single and double resonances
Diffusion in theorem 1 takes place along * . The first important step is to decompose * into two sets. This decomposition corresponds to two types of qualitative dynamic behavior. To divide we start with the unperturbed dynamics:
Fix a large integer K independent of ε and to be specified later. For each action p ∈ * it belongs to at least one of resonant segments, i.e. p ∈ j = k j for some j = 1, . . . , N. 
• K-(strong) double resonance if there are exactly two 7 slow angle θ
We omit dependence on K for brevity. Fix j ∈ {1, . . . , N}, the resonance vectors 
Due to non-degeneracy of the Hessian of H 0 we can use p f as a smooth parametrization 
When there is no confusion we omit dependence on j to keep notations simpler.
7 Sinceṫ = 1 and k 0 = 0 there can't be three linearly independent slow angles. 8 Choice of k 1 is not unique. . Here we give an explicit quantitative version of the above condition. Let λ > 0 be a parameter.
Genericity conditions at single resonances
[G0] There are smooth functions θ 
Call the elements of K ⊂ punctures or strong double resonances. Exclude a neighborhood of each puncture from . Let The open and dense set in theorem 1 is defined as
where p 0 ranges over all double resonances.
It turns out that the analysis of single and double resonances are drastically different and require different tools. Now we divide the proof into three main parts:
• Existence of a net of invariant manifolds.
• Localization of invariant (Aubry) sets inside of invariant manifolds and their AubryMather like structure.
• Existence of shadowing orbits and 'transverse' intersection of invariant manifolds of neighboring invariant Aubry sets.
Now we state results for each of these three parts:
Existence of a net of invariant manifolds
• Theorem 4 establishes existence of crumpled invariant cylinders near each connected component of \ UĒ √ ε ( K ). These cylinders are crumpled in the sense that in the original phase space T 2 × B 2 × T they are represented by certain three dimensional graphs figure 3 . It turns out that asymptotically in ε this estimate is optimal, i.e. sup
• Theorem 6 establishes existence of invariant cylinders near double resonances at high energy or away from singularity. Energy at double resonance is energy of the corresponding slow mechanical system defined in (2).
• Theorem 9 establishes existence of variety of invariant manifolds near strong double resonances at low (near critical) energy.
Localization of invariant (Aubry) sets inside of invariant manifolds and their Aubry-Mather like structure
One of fundamental discoveries in Mather theory and weak KAM is a large class of invariant sets called Mather, Aubry, Mañe sets. These sets are crucial for our construction. It turns out that these sets are naturally parametrized by cohomologies c ∈ H 1 (T 2 , R) and usually denoted byM(c),Ã(c),Ñ (c) respectively. They belong to the phase space T 2 × R 2 × T and satisfỹ
M(c) ⊂Ã(c) ⊂Ñ (c).
For example, these families of sets contain KAM tori as subclass. In our case the parameter c encodes the information about rotation vector of orbits inÑ (c). • Prove that for carefully chosen c's invariant (Aubry) setsÃ(c)'s belong to the corresponding invariant cylinders {M i } i in single resonance. Then prove that these sets also have Mather's projected graph property. Namely, projection of each Aubry set onto the configuration space T 2 is one-to-one with Lipschitz inverse. This essentially means that these invariant sets resemble Aubry-Mather sets for the twist maps.
• The next claim is similar to the previous one. Prove that for carefully chosen c's the corresponding invariant (Aubry) setsÃ(c)'s belong to the corresponding invariant manifolds {C i } i in a double resonance. Then prove that these sets also have Mather's projected graph property, described above.
Existence of shadowing orbits and 'transverse' intersection of invariant manifolds of neighboring invariant Aubry sets
This part requires a lengthy string of definitions. We refer to the paper [36] . Heuristically we prove that there are orbits shadowing any collection of invariant Aubry sets selected above. There is a strong resemblance with variational proofs of diffusion for an apriori unstable systems, where diffusing orbits shadow Aubry sets localized inside of an invariant cylinder (see [7] [19, 20] ). We use Bernard's method. It can also be proven using the method from [19, 20] . Both methods are inspired by the papers of Mather [39, 41, 43] .
Theorems on existence of normally hyperbolic invariant manifolds
We discuss the normally hyperbolic invariant cylinders in the two different regimes: double resonance includeĒ
, where K,j are punctures in j . Single resonance includeĒ √ ε-neighborhood of the passage segments.
Description of single resonances
Fix some j ∈ {1, . . . , N}. Consider a passage segment [a
+ ] of a single resonance segment j which by aligned is an interval whose end point is eitherĒ √ ε near a puncture or an end point of i . Let {a
− , a 
i . Meaning of 'over' is that its projection onto the action space satisfies
where dist is the Hausdorff distance. Here [a
] is viewed as the corresponding subset of j using parametrization by p f . Our main result about existence and location of invariant cylinders near a single resonance is as follows:
Denote by [a
It turns out that after a change of coordinates the Hamiltonian H ε has the form
where Z(θ s , p) is an averaged potential in one angle, and the last term R C 2 δ in the region of interest, i.e. p being O(
(see notations before (1)). For small δ one could expect that dynamics of N ε is close to dynamics of the truncated system H 0 + εZ. 2 , a bifurcation point, and belongs to theĒ √ ε-boundary of a (strong) double resonance. This theorem for segments whose boundaries do not end at a double resonance is a simplified version of theorem 4.1 [9] . For a boundary point on ending at a (strong) double 9 Boundary segments can be treated similarly. 10 Notice that there are orbits exiting from V (j ) i through the 'top' or 'bottom' p f = a i ± . This prevents up from saying that C (j ) i is invariant. 11 We also obtain localization of P s j and some estimates on
. resonances this Theorem is an extension of theorem 4.1 [9] and its proof is a modification of the proof of the latter Theorem. It turns out that theorem 4.1 [9] 
Description of double resonances and generic properties at high energy
Now we describe an heuristic picture of theĒ √ ε-neighborhood of a strong double resonance p 0 , i.e. p 0 either belongs to a puncture on j or to an intersection j ∩ j +1 for some j ∈ {1, . . . , N − 1}. We note that examples of systems near a double resonance were studied in [12, 32, 34, 35] .
We fix two independent resonant lines = k ,
Assume that k and k are space irreducible, i.e. k 1 (resp. k 1 ) is either (1, 0) or (0, 1), or gcd( k 1 ) = 1 (resp. gcd( k 1 ) = 1). Let be an incoming line, i.e. orbits diffuse toward p 0 along this one (see figure 7 with j = and j +1 = ). Then we define slow angles 
where 
where K * is the Legendre dual of K. The relation between minimizers of the Mapertuis metric g E and those of the Hamiltonian system H s , restricted to the energy surface S E is studied in [22] .
Fix an integer homology class h ∈ H 1 (T s , Z). Denote by γ E h a shortest closed geodesic of g E . Here is the first set of non-degeneracy hypotheses. It concerns with what we call high slow energy. This set of genericity hypotheses is the same as in [44] . Later, however, we impose additional hypothesis for low energy and they are different from [44] . Let E 0 = E 0 (H 0 , H 1 ) > 0 be small and specified later.
[ 
Recall that we denote δ = δ(H 0 , H 1 , r, * ) > 0 a small number. In particular, it is chosen such that for any j = 1, . . . , N − 1 and E ∈ [E j , E j +1 ] the unique shortest geodesic γ E h has a unique smooth local continuation γ
For the boundary intervals we take union over [E 0 , E 1 
Construction of invariant manifolds in the high energy region E ∈ (E 0 ,Ē) is somewhat similar to the one in single resonance. All such invariant manifolds after projection onto action space are located in O( √ ε)-neighborhood of p 0 .
Description of double resonances (low energy)
Now we turn to the low (near critical) energy region 2 ,ε . The important feature of these manifolds is that they 'go through' the strong double resonance p 0 as shown on figure 7. We call these manifolds simple loop manifolds by the reason explained below (see also [36] ).
It turns out that these and other invariant manifolds have kissing property near p 0 , which is a crucial element of 'jumping' from one manifold to another. Now we give a formal description.
Recall that p 0 ∈ ∩ , where and are two resonant lines. Naturally, induces an integer homology class
is the singular point of the Jacobi metric g 0 . It is a saddle fixed point for the slow Hamiltonian H s . Let γ 0 h be a shortest geodesic in the homology h with respect to the Jacobi metric g 0 . Mather [46] proved that generically we have the following cases:
• 0 ∈ γ If minimal geodesics of g 0 are self-intersecting Mather [44] proved the following 
We impose the following assumption . Denote n = n 1 + n 2 , we have 13 Otherwise, γ 0 h i can be decomposed into a sum of at least two other geodesics crossing at the origin and, therefore, is not shortest.
Lemma 3.2. There exists a sequence
n , unique up to cyclical translation, such that
Now we add more assumptions to [A0] showing generic properties of the Jacobi metric. We emphasize that analyzing the phase space, not the configuration space, we get additional valuable information! For example, the proper union of geodesics in the phase space is a normally hyperbolic invariant cylinder. Such cylinders persist under small perturbations and have invariant manifolds tangent to weak stable/unstable directions at the origin. This is a considerable difference with Mather [41, 44] .
Generic properties of homoclinic orbits and genericity at low energy
Pick a simple critical homology class h ∈ H 1 (T s , Z). Recall that for 0 ∈ γ 0 h in the phase space it corresponds to a homoclinic orbit to the origin. Now we make the following assumptions:
[A1] The potential U has a unique non-degenerate minimum at 0 and U(0) = 0.
[A2] The linearization of the Hamiltonian flow at (0, 0) has distinct eigenvalues −λ 2 < −λ
In a neighborhood of (0, 0), there exist a smooth local system of coordinates We call γ + (resp. γ − ) simple loop. We assume the following on the homoclinics γ + and γ − .
[A3] The homoclinics γ + and γ − are not tangent to u 2 -axis or s 2 -axis at (0, 0). This, in particular, implies that the curves are tangent to the u 1 and s 1 directions. We assume that γ + approaches (0, 0) along s 1 > 0 in the forward time, and approaches (0, 0) along u 1 > 0 in the backward time; γ − approaches (0, 0) along s 1 < 0 in the forward time, and approaches (0, 0) along u 1 < 0 in the backward time (see figure 4) .
For the non-simple case, we consider two homoclinics γ 1 and γ 2 that are in the same direction instead of being in the opposite direction. More precisely, the following is assumed.
[A3 ] The homoclinics γ 1 and γ 2 are not tangent to u 2 -axis or s 2 -axis at (0, 0). Both γ 1 and γ 2 approaches (0, 0) along s 1 > 0 in the forward time, and approaches (0, 0) along u 1 > 0 in the backward time. 
The local maps are defined as follows. Let (u, s) be in the domain of one of the local maps. If the orbit of (u, s) escapes B d before reaching the destination section, then the map is considered undefined there. Otherwise, the local map sends (u, s) to the first intersection of the orbit with the destination section. The local map is not defined on the whole section and its domain of definition will be made precise later. figure 5 .
We will assume that the global maps are 'in general position'. We will only phrase our assumptions 
[A4b] Under the global map, the image of the plane {s 2 = u 1 = 0} intersects {s 1 = u 2 = 0} at a one dimensional manifold, and the intersection transversal to the strong stable and unstable direction. More precisely, let [ − (see figure 6 ).
In figure 6 ). figure 6 ).
If homology
These are all the essential stages of building a net of normally hyperbolic invariant manifolds. The next important step is to construct diffusing orbits following this net of invariant manifolds.
We do not discuss here a sophisticated variational shadowing techniques of diffusing along normally hyperbolic invariant manifolds, see sections 5 and 6 in [36] .
Heuristics of the diffusion across double resonances
Recall that is an incoming resonant line and h the homology class induced by on T s (see figure 7 ). As we described above generically there are three cases:
• the limiting γ In order to see the cases below one can follow from the incoming arrow to all the outgoing arrows on figure 7. s . Now we cross a strong double resonance by entering along and exiting along . Denote by h ∈ H 1 (T s , Z) the homology class induced by on T s . As before an orbit enters along an invariant manifold M e,E 0 h,ε . As it diffuses toward the center of a strong double resonance p 0 the cylinder M e,E 0 h,ε becomes a flower cylinder and approaches to a small enough energy.
• If h and h are simple, then we diffuse along an invariant manifold M • If h is non-simple and h is simple, but neither h 1 nor h 2 from the decomposition h = n 1 h 1 + n 2 h 2 , then we can jump to M e,E 0 h 1 ,ε from M e,E 0 h,ε and make a turn as in the first item (see figure 7 in homologies).
• If both h and h are non-simple, then both M figure 7 in homologies) .
Other diffusion mechanisms and apriori unstable systems
Here we would like to give a short review of other diffusion mechanisms. In the case n = 2 Arnold proposed the following example This example is a perturbation of the product of a one-dimensional pendulum and a onedimensional rotator. The main feature of this example is that it has a 3-dimensional normally hyperbolic invariant cylinder. There is a rich literature on Arnold example and we do not intend to give extensive list of references; we mention [6, 8, 10, 11, 51] , and references therein. This example gave rise to a family of examples of systems of n + 1/2 degrees of freedom of the form H ε (q, p, ϕ, I, t) = H 0 (I ) + K 0 (p, q) + εH 1 (q, p, ϕ, I, t), where (q, p) ∈ T n−1 × R n−1 , I ∈ R, ϕ, t ∈ T. Moreover, the Hamiltonian K 0 (p, q) has a saddle fixed point at the origin and K 0 (0, q) attains its strict maximum at q = 0. For small ε a 3-dimensional NHIC C persists.
The basic problem for both types of systems is to construct 'diffusing' orbits (q, p, ϕ, I )(t) whose I -component changes by order of one, e.g.
|I (t) − I (0)| > 1 for some t > 0.
For n = 2 systems of the latter type were successfully studied by different groups and the problem of existence of difusing orbits was proven. Two groups were using geometric methods.
-In [23, 24, 25, 26, 29] the authors carefully analyze two types of dynamics induced on the cylinder C. These two dynamics are given by so-called inner and outer maps. -In [49] a return (separatrix) map along invariant manifolds of C is constructed. A detailed analysis of this separatrix map gives diffusing orbits. As we mentioned on several other occasions the other two groups [7, 19] are inspired and influenced by Mather variation method [39] [40] [41] [42] and build diffusing orbits variationally.
The case n > 2 was studied in [20] also by a variational method. Recently Treschev [50] proved the existence of Arnold diffusion for the product of a one-dimensional pendulum and n-dimensional rotator using his separatrix map approach. Products of several one-dimensional penduli and rotators was studied in [25] . A different high dimensional mechanism of diffusion is discussed in [16] .
